Abstract We describe here the first experimental realization of a heat interferometer, thermal counterpart of the well-known superconducting quantum interference device (SQUID). These findings demonstrate, on the first place, the existence of phase-dependent heat transport in Josephson-based superconducting circuits and, on the second place, open the way to novel ways of mastering heat at the nanoscale. Combining the use of external magnetic fields for phase biasing and different Josephson junction architectures we show here that a number of heat interference patterns can be obtained. The experimental realization of these architectures, besides being relevant from a fundamental physics point of view, might find important technological application as building blocks of phase-coherent quantum thermal circuits. In particular, the performance of two different heat rectifying devices is analyzed.
Introduction
The Josephson effect has implications going beyond electrical transport [1] . In 1965, Maki and Griffin predicted that the interplay between Cooper pairs and quasiparticles in tunneling events would provide heat currents with quantum coherence [2] . This phenomenon manifests itself as a phase-dependent component of the heat current flowing through a thermally-biased Josephson junction (JJ), which should, therefore, enable the realization of heat interference. Towards this end, a magnetic flux-controllable superconducting heat interferometer was recently theoretically conceived [3] and subsequently realized experimentally [4, 5] . This achievement served to show, on the one hand, how quantum coherence extends also to dissipative observables such as heat current. On the other, these devices might constitute the building blocks for the implementation of superconducting hybrid coherent caloritronic circuits consisting of, for instance, thermal modulators, heat transistors, splitters, etc.
The purpose of this paper is to review recent advances done within the emerging field of coherent caloritronics. The paper is organized as follows: We dedicate Sec. 2 to distinguish first between coherent caloritronics and thermoelectric effects also present in temperature-biased JJ. In Sec. 3 we describe the general model used to derive the behavior of the heat current flowing through the JJ. In Sec. 4 a superconducting heat interferometer is analyzed theoretically and its operation is demonstrated experimentally. In Sec. 5 we discuss the implementation of a double-loop heat modulator An even more versatile device is theoretically analyzed in Sec. 6 . It consist of a temperature-biased extended JJ that serves to produce coherent diffraction of the thermal currents. In Sec. 7 the remarkable heat rectification properties of NIS and SIS' junctions are addressed (where N stands for a normal metal, I represents a thin insulating layer and S and S' refer to two different superconducting electrodes). This review is enriched with realistic calculations showing the achieved modulation of the electronic temperature of a normal metal electrode placed nearby each of the aforementioned structures. Finally, our results are summarized in Sec. 8 along with a few final remarks.
Preliminary considerations: thermoelectric effects in SNS junctions.
It is convenient to begin by clearly stating the nature of the phenomena we will deal with along this manuscript. It is our goal to investigate the intriguing quantum behavior of the heat currentQ tot flowing through a temperaturebiased JJ. Here, we will concentrate on JJs consisting of two superconducting electrodes separated by a thin insulating layer, i.e. tunnel SIS junctions.
These studies are not to be confused with thermoelectric effects also present in JJs [6, 7] . The latter concern the consequences of a thermal bias in the electric current flowing through the junction and manifests as the generation of a potential difference of thermoelectric nature. Specifically, a thermovoltage V th might arise across the junction when the electronic temperature difference between the superconducting electrodes exceeds a threshold value ∆T th [8] . These effects can be understood by assuming that the temperature drop across the junction gives rise to a normal electric current (i
Fig. 1 (color online) (a) Two superconductors S 1 and S 2 separated by a thin insulating layer constitute a conventional JJ. If a phase difference ϕ = ϕ 1 − ϕ 2 arises, an electric supercurrent i J = ic sin ϕ will flow. (b) If S 1 and S 2 are kept at temperatures T hot and T cold (with T hot ≥ T cold ), respectively, a steady-state total heat currentQtot =Qqp −Q int cos ϕ will flow from S 1 to S 2 .
appearance of V th . The smallness of this effect has complicated considerably its experimental observation, making it measurable only in certain kind of JJs such as the SNS type. In this way, Kartsovnik et al observed the generation of V th ∼ 10 −13 V upon temperature differences of the order of ∆T th ∼ 10
K in Ta-Cu-Ta SNS sandwiches [10] . Thermoelectric effects on response to an in-plane magnetic field were also studied by Ryazanov et al in Ref. [11] . Specifically, ∆T th was found to depend on the modulus of the cardinal sine function of the magnetic flux piercing the junction leading to a Fraunhofer-like dependence.
The influence of thermoelectric phenomena in SIS junctions was analyzed in Ref. [12] . According to these calculations, a temperature gradient of ∼ 10 −1 K across a tunnel junction with normal state resistance R J = 100 Ω will generate a Cooper pair thermocurrent i J th ∼ 10 −9 A. The latter will imply, in turn, the existence of a tiny phase difference between the superconducting electrodes of only ∆ϕ th ∼ 10 −4 rad that can be neglected for the considerations made here.
3 Heat transport in JJs: equations.
We will turn our attention now to the description of the main equations governing heat transport in JJs.
We start by assuming a Josephson tunnel junction between two superconducting electrodes S 1 and S 2 characterized by a phase difference ϕ = ϕ 1 − ϕ 2 as schematized in Fig. 1(a) . Under such circumstances, an electric supercurrent will flow that depends on sin ϕ. Assume now that the JJ is electrically open but a thermal gradient is established by heating up the quasiparticles of S 1 up to T hot while keeping quasiparticles in S 2 at temperature T cold . Then, a stationary heat currentQ tot will flow from the hot to the cold reservoir.
The explicit form ofQ tot was calculated by Maki and Griffin in 1965 [2] giving.Q
Equation (1) consists of two terms;Q qp is the usual heat flux carried by quasiparticles [13] andQ int cosϕ is the phase-dependent part of the heat current, which is peculiar of Josephson tunnel junctions. Quoting the authors, the latter term "gives rise to an oscillatory heat flux and is analogous to a similar term in conventional electric transport through Josephson junctions". We stress the fact that, depending on ϕ, the phase-dependent component of the heat current can flow backwards, i.e., opposite to the thermal gradient. The total heat current goes however from the hot to the cold reservoir, preserving the second principle of thermodynamics [5] . It is worthwhile to stress as well the absence of any Cooper pair-related energy term. This is so for, in a static situation, the superconducting condensate shall carry no entropy [2, 14] .
The quasiparticle term appearing in Eq. (1) reads [2, 14, 15, 16, 17, 18 ]
where
is the quasiparticle BCS normalized density of states in S k at temperature T k (k =hot, cold) and ε is the energy measured from the condensate chemical potential. Furthermore, ∆ k (T k ) is the temperature-dependent superconducting energy gap and
is the Heaviside step function, k B is the Boltzmann constant, R J is the junction normal-state resistance, and e is the electron charge.
On the other hand, for the phase-dependent component of the heat current one gets [2, 15, 16, 17, 18] 
is the Cooper Pair BCS density of states in S k at temperature T k [19] . This term originates from those energy-carrying processes involving Cooper pair tunneling and recombination or destruction of Cooper pairs. Since the phase difference between the annihilated and created pair is relevant in such a process this gives rise to the cosϕ contribution to the transferred heat. Along this manuscript, we will neglect any contribution to thermal transport arising from lattice phonons. Moreover, we will assume the latter to be very well thermalized with the substrate phonons that reside at the bath temperature (T bath ). This is usually the case in the kind of systems of our interest as the Kapitza resistance between a metallic thin film (∼ 20 − 30 nm) and the substrate is typically negligibly small at low temperatures [20] . It will be also convenient to provide with the expression for the energy exchanged between electrons and phonons in the superconductor [21] ,
, Σ S is the electron-phonon coupling constant, and V S is the volume of the superconducting electrode.
The behavior ofQ tot can be experimentally revealed by probing the electronic temperature of one of the superconducting electrodes or, alternatively, a normal metal electrode tunnel-connected to the junction. The latter option is more convenient from an experimental point of view as electron thermometry is typically simpler to be performed on normal metals [13] and will be therefore considered here.
The Josephson heat modulator
We start by theoretically investigating heat exchange between two normal metal electrodes kept at different temperatures and tunnel-coupled to each other through a thermal 'modulator' [3] in the form of a DC-SQUID. Heat transport in a similar system is subsequently studied experimentally and found to be phase dependent, in agreement with the original prediction [2, 4] .
Theoretical considerations and layout design
The structure we envision is sketched in Fig. 2(a) . It consists of a DC SQUID composed of two superconductors S 1 and S 2 in thermal equilibrium kept at different temperatures T hot and T cold , respectively. R a(b) and ϕ a(b) denote the normal-state resistance and phase drop of JJ a(b) , respectively. In this specific case the total heat current given in Eq. (1) flowing from S 1 to S 2 becomeṡ
For definiteness, we assume that T hot ≥ T cold so that the SQUID is only biased with a temperature drop across the junctions, but the voltage across them vanishes.
By neglecting the geometric inductance of the ring it follows that ϕ a + ϕ b + 2πΦ/Φ 0 = 2nπ where Φ is the applied magnetic flux through the loop, n is an integer and Φ 0 = 2.067 × 10 −15 Wb is the flux quantum. For a given Φ, the phases ϕ a and ϕ b are determined by the equation i can be rewritten asQ SQUID int =Q b int 1 + r 2 + 2r cos (2πΦ/Φ 0 ), which is analogous to the expression for the total Josephson electric critical current in a DC SQUID with generic junctions asymmetry [24] . In particular, for a symmetric SQUID (r = 1) we getQ
We remark that, in this specific case, the phase-dependent component of the heat current always flows in the direction opposite to the quasiparticle heat flow, i.e., from the cold to the hot electrode [5] . vs Φ calculated for a few values of r at generic temperatures T hot and T cold such that T cold < T hot < T c . As it can be seen, Q SQUID int is a periodic function of Φ maximized at integer values of Φ 0 . By increasing r leads to a suppression of the modulation amplitude combined with a reduction of the average value of the heat current. Eventually, the modulation amplitude is totally suppressed for r = 0, as only one junction is driving heat flow through the SQUID. Therefore high junctions symmetry is desired to maximize heat current modulation in the device. For that reason, in the following we will restrict our calculations to the case r = 1. Figure 2 (c) shows the total heat currentQ SQUID vs Φ at T cold = 0.1T c for a few values of T hot .Q SQUID is Φ 0 -periodic and minimized for integer values of Φ 0 .
Experimental realization
The experimental implementation of our heat interferometer is shown in Fig.  3(a) . The structure consists of a source and drain copper (Cu) electrodes tunnel-coupled to a superconducting aluminum (Al) island defining one half of a DC-SQUID (S 1 ). The other half of the SQUID (S 2 ) extends into a large volume lead to insure proper thermalization of its quasiparticles at the bath temperature T bath . S 1 is also contacted by an extra Al probe (S 3 ) via a tunnel junction, enabling independent characterization of the SQUID. Both source and drain are tunnel-coupled to a few external Al probes so to realize nor- mal metal-insulator-superconductor (NIS) junctions, which allow Joule heating and thermometry [13] 1 . Below the critical temperature of Al ( 1.4 K) Josephson coupling allows dissipationless charge transport through the SQUID. The SQUID voltagecurrent characteristics at 240 mK for two representative magnetic-flux values are shown in Fig. 3(c) . In particular, a well-defined Josephson current with maximum amplitude of 226 nA is observed at Φ = 0. The magnetic-flux pattern of the SQUID critical current I c along with the theoretical prediction [24] is displayed in Fig. 3 (d), and shows a nearly-complete supercurrent modulation, which confirms the good symmetry of the SQUID.
Thermal transport and, therefore, heat interference in the structure, arises from heating electrons in the source above lattice temperature (T bath ) so to elevate the quasiparticles temperature in S 1 (T hot ). As the second half of the SQUID (S 2 ) is well thermalized at T bath a temperature gradient arises across the SQUID.Q SQUID will thus manifest itself leading to a Φ 0 -periodic modulation of drain electron temperature (T dr ).
Investigation of heat transport in our system is performed by stabilizing first the cryostat temperature at a desired T bath and heating the source up to a given temperature T src . For this purpose, one pair of NIS junctions in the source is operated as a heater whereas a second pair is used to measure T src by applying a small DC bias current and recording the corresponding temperature-dependent voltage drop [13, 25] . Analogously, another pair of NIS junctions is used to probe the electronic drain temperature (T dr ) against a slowly-sweeping external magnetic flux. , and maximized at integer values of Φ 0 . As we shall argue, such a temperature modulation is of coherent nature, and stems from magnetic fluxcontrol ofQ SQUID , which is a hallmark of the Josephson effect. A monotonic enhancement of the average drain temperature over one flux quantum, T dr , is observed when raising T src , which follows from increased heat flow across the structure. On the other hand, the modulation amplitude δT dr , defined as the difference between the maximum and minimum values of T dr , turns out to initially increase and then tends to saturate at larger T src . In particular, δT dr up to ∼ 21 mK is observed corresponding to ∼ 9% of relative modulation amplitude at 235 mK. The full T src -dependence of T dr and δT dr are displayed in Fig. 4 (b) and confirm the above described behavior.
A relevant figure of merit of the heat interferometer is represented by the flux-to-temperature transfer coefficient, T ≡ ∂T dr /∂Φ, shown in Fig. 4 (c) versus Φ for a few selected T src . It turns out that |T | exceeding 60 mK/Φ 0 is obtained at 675 mK.
The dependence on bath temperature is shown in Fig. 4 (d), which displays T dr (Φ) at a few increasing T bath for T src set around 700 mK. Besides leading to a monotonic enhancement of T dr , by increasing T bath yields suppression of δT dr and smearing of T dr (Φ), which can be mainly ascribed to the enhancement of electron-phonon coupling in the drain [13] as well as to the influence of thermal broadening. δT dr ∼ 2.5 mK is still observable at 450 mK, whereas the modulation disappears for T bath ≥ 500 mK. We emphasize that the latter is substantially smaller than the temperature setting the disappearance of the Josephson effect in the SQUID ( 1.4 K).
To account for our observations we have elaborated a thermal model sketched in Fig. 3(b) . We assume S 1 to exchange heat at powerQ src andQ dr due to quasiparticle heat conduction with source and drain, respectively, at poweṙ Q SQUID with S 2 andQ S3 with S 3 . Both S 2 and S 3 are assumed to be thermalized at T bath . Furthermore, drain electrons exchange energy at powerQ dr with S 1 , and at powerQ e−ph,dr with lattice phonons residing at T bath [13, 26] . The thermal steady-state of the system may be described by the energy-balance equations −Q src +Q S3 +Q SQUID (Φ) +Q dr = 0 and −Q dr +Q e−ph,dr = 0, where first equation accounts for thermal budget in S 1 , while the second one describes heat exchange in the drain. T hot and T dr can be determined under given conditions by numerically solving the aforementioned equations 2 . The model neglects heat exchange with photons due to mismatched impedance [27, 28, 29] , electron-phonon coupling in S 1 owing to its reduced volume and low experimental T bath [21] , as well as phonon heat current [2] . Theoretical curves have been obtained by setting the structure parameters as extracted from the experiment, and varying R p between ∼ 100% and ∼ 125% to match measured data. Results from the thermal model are shown in Fig. 4 (dashed lines). Although idealized, this model provides reasonable agreement with our observations, and grasps the relevant physical picture at the origin of heat interference in our system.
Double-ring heat modulator
In this section we envision and theoretically analyze a double-loop heat interferometer [30] . The latter allows to finely tune and fully balance the heat flux flowing through the device making it an improved heat transistor. Additionally, it is much more robust against fabrication deficiencies such as differences between the normal-state resistances of the JJs. Thanks to the application of two independent magnetic fluxes, even a quite asymmetric device is able of providing a much more robust temperature modulation compared to the simple single-loop heat interferometer or its complete annihilation.
. Furthermore,Qsrc can be obtained from Eq. (2) by doingQsrc =Qqp(T hot , Tsrc) with N 2 = 1 and substituting R J for Rsrc,Q dr can be also obtained from Eq. (2) by settinġ Q dr = −Qqp(T hot , T dr ) with N 2 = 1 and substituting R J for R dr . For the normal metal Q e−ph,dr = Σ dr V dr (T 5 dr − T 5 bath ), where Σ dr 3 × 10 9 WK −5 m −3 is the electron-phonon coupling constant for Cu [13] , and V dr 2 × 10 −20 m 3 is drain volume. as a function of the magnetic flux on the main and the control loop, Φ 1 and Φ 2 , respectively. Two representative cases have been considered and are schematized on the top part of each plot.
Theoretical considerations and layout design
Our thermal circuit consists of two superconductors S 1 and S 2 , weak linked forming a double-loop interrupted by three parallel JJs [see Fig. 5(a) ]. R k and ϕ k denote the normal-state resistance and phase drop of junction k, with k = a, b, c. This structure behaves as a conventional SQUID pierced by a magnetic flux Φ 1 in which one of the junctions has been replaced by a DC SQUID. The characteristics of this second "junction" can be tuned thanks to the application of a control magnetic flux Φ 2 . The system is temperature biased by setting the temperature in S 1 to be T hot ≥ T cold , T cold being the temperature in S 2 . Furthermore, the voltage drop across the whole structure is set to zero. Under these circumstances, a thermal gradient arises across the junctions and a stationary heat currentQ 2−loop will flow from S 1 to S 2 , which are in steady-state thermal equilibrium [2, 15, 16, 17, 18] .
We shall concentrate on the phase-dependent heat current only given bẏ Q Fig. 5(c) Fig. 6(a) ], the mean value and the shape of the curves evolves whereas the amplitude of the modulation, denoted δQ 
Experimental realization proposal
Let us finally analyze how the previously described control over the magnetic flux-to-heat current transfer functions are translated into a realistic situation. For this purpose, a device similar to that of Fig. 3(a) could be envisioned. In this specific case, the single SQUID loop must be substituted by a double-loop consisting of three parallel-connected Josephson junctions and with independent magnetic flux controls. Similar devices operating as charge interferometers [31] have been reported already in the literature proving the feasibility of this structure.
The device we envision is that schematized in Fig. 5(a) . As it was argued in section 4.2 heat transport in this structure can be studied by intentionally heating electrons in the source up to T src yielding a quasiparticle temperature T hot > T cold = T bath in S 1 , therefore leading to a finite heat currentQ 2−loop . The latter can be modulated by means of the two control magnetic fluxes Φ 1 and Φ 2 and inferred by measuring the drain electron temperature (T dr ).
Drain temperature can be predicted by solving a couple of thermal balance equations similar to those described in section 4.2. New equations will differ in that no additional probe [i.e., S 3 electrode in Fig. 3(b) ] is considered this time. For this reason it will be convenient to include now the electron-phonon interaction in S 1 [Q e−ph,S1 , defined in Eq. (4)]. In this way, we have now −Q src +Q 2−loop +Q dr +Q e−ph,S1 = 0 and −Q dr +Q e−ph,dr = 0 for S 1 and drain, respectively.
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The results of thermal balance equations for drain temperature are shown in Fig. 6 (e) and (f) for r 1 = r 2 = 1 and the same Φ 2 values as in panels (a) and (b). For these calculations we have set T bath = 245 mK and T src = 700 mK. As it can be seen, T dr is Φ 1 periodic reaching its minimum value for Φ 2 = Φ 0 /3, as expected, but the appearance of the oscillation depends strongly on Φ 2 . We highlight that, for Φ 2 = 0, the T dr modulation is, under equal conditions, more than twice that obtained with the single thermal interferometer discussed in the previous section [see inset in Fig. 6(f) ]. This enhancement is related with the overall enhancement ofQ 2−loop int and the fact that T dr does not depend linearly onQ 2−loop . In this way, by simultaneously playing with both Φ 1 and Φ 2 , T dr could be modulated from ∼ 265 up to ∼ 345 mK in overall. Differences between the modulation curves obtained at each Φ 2 values are emphasized 3 As a set of parameters representative for a realistic microstructure we choose Rsrc = R dr = 2 kΩ, R J = 500 Ω, V dr = 10 −20 m −3 , Σ dr = 3 × 10 9 WK −5 m −3 (typical of Cu) [13] , V S 1 = 10 −18 m −3 , Σ S 1 = 3 × 10 8 WK −5 m −3 and ∆ 1 (0) = ∆ 2 (0) = 200 µeV, the last two parameters typical of aluminum (Al) [13] .
in Fig. 6 (g) and (h) where the flux-to-temperature transfer coefficient T is plotted.
Heat diffractor
In this section we theoretically analyze heat transport in temperature-biased extended JJ showing that the phase-dependent component of thermal flux through the weak-link interferes in the presence of an in-plane magnetic field leading to heat diffraction [32] , in analogy to what occurs for the Josephson electric critical current [33] . In particular, thermal transport is investigated in three prototypical electrically-open junctions geometries showing that the quantum phase difference across the junction undergoes π jumps in order to minimize the Josephson coupling energy. We finally propose how to demonstrate thermal diffraction and to prove the existence of π jumps in a realistic microstructure.
Theoretical considerations and layout design
Our system is schematized in Fig. 7(a) , and consists of an extended JJ composed of two superconducting electrodes S 1 and S 2 residing at different temperatures T hot and T cold , respectively. S 1 and S 2 are characterized by their London penetration depths λ 1 and λ 2 , respectively, and separated by an insulating layer with thickness d. An external magnetic field (H) is applied parallel to a symmetry axis of the junction [see Fig. 7(a) ] penetrating within a distance
4 . We will consider symmetric JJs in the short limit and neglect the effect of the edges.
We shall focus onto the phase-dependent component only. To this end we need to determine the phase gradient ϕ(x, y) induced by the application of H. By choosing the closed integration contour indicated by the dashed line depicted in Fig. 7(a) it can be shown [22, 19] that, neglecting screening induced by the Josephson current, ϕ(y) = κy + ϕ 0 , where κ ≡ 2πµ 0 t H H/Φ 0 and ϕ 0 is the phase difference at y = 0. After integration over x the phase-dependent component of the heat current can then be written asQ E J,0 = Φ 0 i c /2π, i c is the zero-field critical supercurrent. Minimization of E J for any applied H imposes the second term of E J,0 to be always negative, so that ϕ 0 will undergo a π jump whenever the integral does contribute to E J with negative sign. It can be shown that the π jumps are present in any junction geometry [32] . They have energetic origin only. This fact makes them very different from those present in low dimensional superconductors, caused by thermal [35] and quantum [36, 37] fluctuations.
Taking into account the aforementioned π jumps and assuming that the symmetry of the junction is reflected in an analogous symmetry in the heat current, i.e., Q(y, T hot , T cold ) = Q(−y, T hot , T cold ), the phase-dependent component of the heat current can be written asQ
We can now determine the behavior ofQ JJ int for the three prototypical junction geometries sketched in Fig. (7) . In particular, we shall consider two well-known examples such as the rectangular [see Fig. 7(b) ] and circular [see Fig. 7(c) ] junction, and the more exotic annular one [see Fig. 7(d) ]. Annular junctions offer the possibility to investigate fluxons dynamics due to the absence of collisions with boundaries; yet, they provide fluxoid quantization thanks to their geometry, which allows fluxons trapping.
We assume that the total phase-dependent heat current is characterized by a uniform distribution.Q JJ int can therefore be calculated for the three considered geometries by following, for instance, Refs. [22, 19] . In particular, for the rectangular junction, the absolute value of the sine cardinal function is obtained,Q rect int (T hot , T cold , Φ) =Q int (T hot , T cold ) |sin(πΦ/Φ 0 )(πΦ/Φ 0 )|. For the circular geometry one gets the Airy diffraction pattern,Q circ int =Q int Q 1 (πΦ/Φ 0 )/(πΦ/2Φ 0 ) , whereQ 1 (y) is the Bessel function of the first kind, Φ = 2µ 0 HRt H , and R is the junction radius. Finally, for the annular junction [38, 39] , the phasedependent component of the heat current takes the formQ
is the nth
Bessel function of integer order, R (r) is the external (internal) radius, and n = 0, 1, 2, ... is the number of n trapped fluxons in the junction barrier. Right panels in Fig. 7 illustrate the behavior ofQ JJ int for the three geometries. In particular, the curve displayed in Fig. 7(a) for the rectangular case shows the well-known Fraunhofer diffraction pattern analogous to that produced by light diffraction through a rectangular slit exhibiting minima for integer multiples of Φ 0 . In the case of a circular junction, the flux values wherė Q circ int vanishes do not coincide anymore with multiples of Φ 0 , andQ circ int falls more rapidly than in the rectangular junction case. Finally, for an annular junction, the heat current diffraction pattern is strongly n-dependent providing, apparently, enhanced flexibility to tailor the heat current response.
Proposed experimental setup
Demonstration of diffraction of thermal currents could be achieved in the setup shown in Fig. 7(a) . This is similar to the device already analyzed in section 5.2 but the in-plane static magnetic field H is applied perpendicular to the Josephson weak-link. The experimental operation mode will be the same and, again, the drain temperature behavior can be predicted by solving a couple of thermal balance equations accounting for the main heat exchange mechanisms existing in the structure, according to the model shown in Fig. 7(e) .
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The results of thermal balance equations for drain temperature and different source temperatures are shown in Fig. 8 . As expected, T dr shows a response to magnetic flux clearly resembling a Fraunhofer or an Airy-like diffraction patterns for the rectangular and circular cases, respectively. For the annular case the temperature patterns are drastically different depending on the number of fluxons trapped inside the loop. In all cases, temperature minima appear at the expected Φ 0 positions being the the unequivocal manifestation of the above-described phase jumps.
The flux-to-temperature transfer coefficient, T = ∂T dr /∂Φ, corresponding to each of the above-mentioned cases is plotted in the bottom panels of Fig.  8 . As it can be seen there, T exceeding ∼ 100 mK/Φ 0 could be achieved at T src = 600 mK for the annular case. Moreover, the transfer coefficient clearly demonstrates the non-monotonicity of the amplitude of drain temperature lobes as a function of T src . 
Heat diode
In this section we propose and analyze theoretically the performance of two different thermal diodes. One, consisting of a NIS junction, and a second one, consisting of a SIS' Josephson tunnel junction [40] . Although never considered in the literature so far for such a purpose [41] , superconducting tunnel junctions appear particularly well suited for the implementation of electron heat rectifiers. Heat transport in such structures is deeply influenced by the strong temperature dependence of the superconducting density of states. In addition, the SIS' diode allows for the in-situ fine tuning of the thermal rectification magnitude and direction.
We shall start, first of all, by defining a heat rectification parameter R. To this end, let us consider a tunnel JJ made by two different superconductors, S 1 and S 2 characterized by its energy gap ∆ 1 and ∆ 2 leading to critical temperatures T c1 and T c2 , respectively. The electronic temperature in both S 1 and S 2 is kept at fixed T hot and T cold , respectively, and the voltage drop across the junction is set to zero. Additionally, ϕ denotes the macroscopic phase difference across the junction with normal-state resistance R J . In the forward thermal bias configuration, a thermal gradient is created by setting T 1 = T hot > T 2 = T cold , which leads to a total heat currentQ + flowing from S 1 to S 2 [see Fig. 9(a) ]. In the reverse thermal bias configuration, the thermal gradient is inverted so that T 1 = T cold < T 2 = T hot leading to a heat currenṫ Q − flowing from S 2 to S 1 [see Fig. 9(b) ]. Under these hypothesis we define the rectification coefficient as R(%) = (Q + −Q − ) × 100/Q − . 
NIS thermal diode
We start by analyzing the case in which one of the two electrodes is a normal metal, i.e., a NIS junction. For this purpose we can simply set ∆ 2 = 0, which leads to the complete suppression of the interference component of the heat current,Q int . This leads toQ + = 2 e 2 RT ∞ 0
, where R T is the tunnel resistance of the NIS junction.
We calculate R as a function of T hot for different values of T cold , i.e., for different temperature gradients established across the weak link. As shown in Fig. 10(c) a maximum positive rectification of ∼ 26% is obtained for T hot aproaching T c . As T hot increases, heat rectification starts to decrease eventually inverting its sign, which implies that heat flux from N to S becomes preferred. Furthermore, by increasing T cold leads to a reduction of R, which reaches its maximum for larger values of T hot . Note that the heat rectification character of the NIS diode stems from the presence of two different DOS in the materials constituting the junction and the fact that the superconducting DOS is strongly temperature-dependent. As a consequence, R depends strongly on temperature as well, inverting its sign in the vicinity of T c , i.e., when the superconducting DOS becomes energy independent.
We conclude by analyzing the theoretical behavior of a realistic NIS-based thermal rectifier. For this purpose we consider the experimental design proposed in Fig. 9(c) . Two identical normal metal electrodes, source and drain, are weakly connected one each via resistances R src = R dr to both S and N, respectively. Superconducting probes can be tunnel-coupled to these electrodes so to implement SINIS thermometers and heaters [13] . Yet, the forward thermal bias configuration can be realized by intentionally increasing the electronic As we have done in the previous sections, δT e can be computed numerically using the thermal model described in Fig. 9(d) . Thermal balance equations are given byQ src (T heater , T hot ) −Q e−ph,S ( 6 . Using realistic parameters and assuming T bath = 245 mK, the computed values of δT e vs. T heater are plotted in Fig. 10(b) for different R T values. Remarkably, temperature differences exceeding ∼ 15 mK can be obtained. As it can be seen, R T does not affect much the maximum value of δT e . The choice of R src = R dr , on the other hand, does influence noticeably the appearance and sign of δT e as shown in Fig. 10(c) . The expected temperature differences are easily measurable with standard Al-based SINIS or SNS thermometry techniques [4, 13] .
SIS'-Josephson thermal diode
We consider finally the case of a SIS' junction for which we define δ = ∆ 1 /∆ 2 ≤ 1 In this case, the forward and reverse total heat currents flowing through the JJ read [3] 
cos ϕ , where the negative sign before brackets is set so thatQ − is positive by definition. [13] . T − src can be obtained in a similar way for the reverse configuration by simply exchanging the roles ofQsrc ⇔Q dr ,Q e−ph,S ⇔ Q e−ph,N ,Q + ⇔Q − andQ e−ph,dr ⇔Q e−ph,src . As representative parameters we set Vsrc = V dr = V N = V S = 10 −20 m 3 . We choose Cu for which Σsrc = Σ dr = Σ N 3 × 10 9 WK −5 m −3 [13] and Al Σ S 0.3 × 10 9 WK −5 m −3 [13] . By fixing the temperature of the second electrode to T cold = 0.01T c1 , we calculate R as a function of T hot and as a function of δ. The result is plotted in Fig. 11(a) , (b) and (c) for three representative cases, corresponding to ϕ = 0, ϕ = π/2 and ϕ = π, respectively. Three selected profiles of R vs. δ for different T hot values, i.e., for different thermal gradients, are shown as well in Fig. 11(d) , (e) and (f). The inspection of these graphs reveals, on the first place, how phase biasing across the junction does make a substantial difference. In particular, the heat rectification coefficient does not only change by almost two orders of magnitude from ϕ = 0 to ϕ = π but it also switches its sign. It is worthwhile to emphasize that the SIS' junction rectifies heat only if ∆ 1 = ∆ 2 . As for the case of the NIS diode, heat rectification demands the combination of two different DOS being (at least one of them) strongly temperature-dependent.
Let us analyze in more detail the case for which ϕ = π. In the forward configurationQ + exhibits a local maximum when the temperaturedependent superconducting gaps of both superconducting electrodes coincide, which corresponds to the bright bend curve clearly visible in Fig. 11(c) . On the other hand, for the reverse configuration,Q − exhibit a local minimum when the S 2 electrode reaches its critical temperature, which corresponds to the straight line defined by T 1 /T c1 = δ. As a result, R is maximized for ∆ 1 (T hot ) = ∆ 2 (T cold ) and T 1 /T c1 = δ. In particular, R ∼ 800% is reached at δ 0.75 and T hot 0.77T c1 7 . The experimental realization of the SIS'-based thermal rectifier is similar to that of the NIS diode. In this case, we substitute N by a second super- conducting electrode S 2 made, for instance, of Mn-doped Al since the latter allows for fine tuning of the aluminum superconducting gap [42] . Optimum phase biasing can be achieved by using a rf SQUID configuration pierced by a control flux Φ [see Fig. 12(a) ]. For such a purpose, the thermal diode can be enclosed through clean contacts within a superconducting ring S 3 with energy gap ∆ 3 ∆ 1 , ∆ 2 so to suppress heat losses. Neglecting the inductance of the loop, the phase-flux relation is given by ϕ = 2πΦ/Φ 0 [22] enabling the phase drop across the junction to vary within the whole phase space, i.e., −π ≤ ϕ ≤ π. The experimental operation procedure will be that described in the previous section 8 . Solving the thermal model for T bath = 245 mK, the latter would give temperature difference approaching δT e ∼ 60 mK as it can be seen in Fig. 12(c) . Even more interesting, phase-coherence fingerprints are clearly observable as well. Notably, δT e shows the expected 2π-periodicity as shown in Fig. 12(d) . These temperature differences are easily measurable using SNS thermometry techniques [13] based on, for instance, vanadium with T c ≈ 5 K.
Summary and final remarks
Along this manuscript we have proposed the experimental realization of different Josephson-based devices that exploit phase-coherence of heat currents 8 The thermal model is very similar to that used in the previous section but changinġ Q e−ph,N byQ e−ph,S 2 as given in Eq. 4 and settingQ dr = −Qqp(T cold , T + dr ) [Eq. (2) ] with N 2 = 1 and substituting R J for R dr [see Fig. 12(b) ]. As representative parameters we set again Vsrc = V dr = V S 1 = V S 2 = 10 −20 m 3 , R J = 5 kΩ and Rsrc = R dr = 1 kΩ. We use Cu for which Σsrc = Σ dr 3 × 10 9 WK −5 m −3 [13] and Al and Mn-doped Al with Σ S 0.3 × 10 9 WK −5 m −3 [13] . For these materials we set ∆ 2 = 1.4 K and δ = 0.75.
to provide with a robust magnetic flux-to-temperature control. The successful realization of these architectures relies on the recent experimental demonstration of heat current interference in a simpler device. The latter consist of a "thermal" version of a conventional electric SQUID that provided with an experimental temperature modulation of ∼ 21 mK in amplitude upon the application of an external magnetic field as reviewed in Sec. 4 .
In Sec. 5 we have theoretically demonstrated how this modulation can be tuned in-situ thanks to an improved design. Considering realistic parameters, such tunability leads to a much more robust drain temperature oscillations of ∼ 70 mK. This is possible by replacing one of the SQUID JJ by an additional DC SQUID leading to a double-loop thermal interferometer that allows to maximize/minimize the strength of the phase-dependent component of the heat current. The existence of two control knobs, i.e., two externally applied magnetic fluxes, may be exploited to perform non-trivial adiabatic cycles in its control space eventually leading to the realization of a heat pump [43] .
In Sec. 6 we have shown that the heat current through a temperaturebiased extended JJ under the influence of an in-plane magnetic field displays coherent diffraction, in full analogy with the Josephson electric critical current [33] . Depending on the junction geometry, the latter will lead to a plethora of magnetic flux-to-temperature diffraction patterns with modulation amplitudes in the range of 30 − 60 mK. The experimental realization of this device has been reported very recently [44] setting a complementary and conclusive demonstration of the "thermal" Josephson effect in weakly-coupled superconductors.
We have finally proposed and analyzed in Sec. 7 the concept of a NISbased and a SIS' Josephson thermal rectifier. Under appropriate conditions, remarkably large rectification coefficients of R ∼ 30% and R ∼ 800% can be obtained for the NIS and SIS' diodes, respectively. Combining the diode within a realistic device, temperture differences between the forward and reverse configurations of the order of 15 and 60 mK could be reached for the NIS and SIS' diodes, respectively. In addition, thanks to phase-coherence, the rectification character of the SIS' diode can be maximized or even inverted in-situ. Such a device might find a straightforward application of technological interest, e.g., in the field of electronic refrigeration enabling magnetic-flux dependent heat management and thermal isolation at the nanoscale.
The structures described here can be integrated within, not only superconducting elements, but also hybrid mesosocopic circuits composed of, e.g., normal metals, two dimensional electron gases and semiconductor nanowires as well. In this way, many fields of research such as radiation detectors or quantum computing might benefit from our approach [13] . On the other hand, these devices represent the first step towards the realization of coherent caloritronic circuits. The discipline usually referred to as caloritronics (from calor-, i.e., "heat" in latin + electronics), deals with the generation and mastering of heat currents through an electronic drive. Yet, our approach provides with the possibility of manipulating heat currents to flow through a series of superconducting components exploiting their coherent character.
The core papers described in this review deal only with static parameter configurations where the superconducting phase and temperature are timeindependent. The natural extension is to control and change the superconducting phase in time by applying a magnetic field. In principle this opens the possibility to transfer dynamically the heat between the superconductors, cool or heat one them and build a thermal mesoscopic engine. This new field requires both theoretical and experimental advance and will be the subject of future research.
